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We discuss the conductance of quantum wires (QW) in terms of the Tomonaga-Luttinger liquid
(TLL) theory. We use explicitly the charge fractionalization scheme which results from the chiral
symmetry of the model. We suggest that results of the standard two-terminal (2T) conductance
measurement depend on the coupling of TLL with the reservoirs and can be interpreted as different
boundary conditions at the interfaces. We propose a three-terminal (3T) geometry in which the third
contact is connected weakly to the bulk of TLL subjected to a large bias current. We develop a
renormalization group (RG) analysis for this problem by taking explicitly into account the splitting
of the injected electronic charge into two chiral irrational charges. We study in the presence of
bulk contact the leading order corrections to the conductance for two different boundary conditions,
which reproduce in the absence of bulk contact, respectively, the standard 2T source-drain (SD)
conductance G
(2)
SD = e
2/h and G
(2)
SD = ge
2/h, where g is the TLL charge interaction parameter. We
find that under these two boundary conditions for the end contacts the 3T SD conductance G
(3)
SD
shows an UV-relevant deviation from the above two values, suggesting new fixed points in the ohmic
limit. Non-trivial scaling exponents are predicted as a result of electron fractionalization.
I. INTRODUCTION
Interacting electrons in one spatial dimension (1D) are
one of the best examples of strongly correlated fermionic
systems. They are usually discussed in terms of the
Tomonaga-Luttinger liquid (hereafter TLL). The latter
has allowed to discuss in a precise fashion the breakdown
of the Fermi liquid picture which is a good description of
interacting electrons in broad band metallic three dimen-
sional systems. In 1D, there are no quasi-particles corre-
sponding to a free electron with charge −e and spin 1/2:
the electron Green’s function exhibits no quasi-particle
pole, the density of states at the Fermi level vanishes at
the Fermi level, and behaves as a power law with non
integer exponents as a function of energy; last but not
least, spin degrees of freedom are dynamically split from
charge degrees of freedom. Both propagate at different
velocities.
The TLL is usually understood in terms of the den-
sity fluctuations at finite wave vector, and zero wave
vector ”zero modes”. Recently, however, taking advan-
tage of the chiral symmetry , a new approach of the
TLL Hamiltonian succeeded in formulating its physics
in terms of generally irrational excitations, i.e., excita-
tions which may have dynamically independent irrational
charges or spin [1]. This constitutes a generalization
of the Laughlin fractional charge excitations which have
been observed in fractional quantum Hall (FQH) sam-
ples [2,3]. More precisely, the irrational excitations have
been shown to be eigenstates of the TLL hamiltonian in
the chiral representation. Their wave functions are for-
mally isomorphic to Laughlin wave functions for FQH
states. We consider hereafter a spinless TLL for sim-
plicity. The irrational charges carried by the irrational
excitations are created in chiral pairs with one excitation
moving to the left and the other to the right; the charges
carried by each possible pair of states form a 2D many-
fold (Q+, Q−), where Q± = 12 (N ± gJ) with N and J
being integers having the same parity: (−1)N = (−1)J .
N and J are standard zero-mode quantum numbers as-
sociated, respectively, with the total charge and the per-
sistent current of the system. [4] g is the so-called TLL
parameter, which contains all the relevant information
of the electron-electron interaction. g takes the value,
0 < g < 1 for a standard repulsive interaction, whereas
g = 1 for non-interacting 1D fermions.
The main question to be asked is whether or not these
irrational charge excitations are observable. Consider
an electron incident in the middle of TLL either of in-
finite length or sufficiently far away from the boundaries
so that the chiral symmetry be preserved. The injected
electron splits into two eigen excitations which have irra-
tional charges Q+ = (1 + g)/2, Q− = (1 − g)/2 (or vice
versa), and propagate in opposite directions. This pic-
ture is quite reminiscent of a three-terminal conductance
measurement in which the third terminal is attached to
the middle of QW connected to the source (S) and drain
(D) (See Fig. 1). The main findings of this paper are that
the standard conductance measurement done in this ge-
ometry does provide some information on the charge frac-
tionalization. More precisely, we consider a source-drain
(SD) conductance G
(3)
SD, under a large bias current Ibias
circulating through the QW between S and D, and in the
presence of bulk-injected current ibulk. The third termi-
nal, or a bulk contact, at voltage V is then connected by
an ohmic wire either to the S or to the D. We consider the
case of small ibulk, i.e., the case in which −eV is close to
the chemical potential of the reservoir from which ibulk is
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provided. We find under these circumstances G
(3)
SD is sub-
jected to a change characterized by unusual scaling ex-
ponents which take different values depending on G
(2)
SD in
the absence of ibulk. In Sec. III we will explain in length
that different values of G
(2)
SD can be interpreted as differ-
ent boundary conditions at the end contacts to S and D.
In this paper, we highlight two specific boundary con-
ditions which correspond to G
(2)
SD = e
2/h (↔ boundary
condition A) and G
(2)
SD = ge
2/h (↔ boundary condition
B). In these terms we found a non-trivial scaling expo-
nent (2∆)2 − 1 (See Eq. (28)) under a specific boundary
condition A, whereas a standard scaling exponent 2∆−1
(See Eq. (29)) for boundary condition B, which is sim-
ply related to the anomalous scaling dimension ∆ of the
TLL electron operator. This result is a remarkable con-
sequence of electron fractionalization under a stationary
bias current Ibias.
A motivation of this paper is therefore closely related
to the so-called ”conductance puzzle” of the QW: an ap-
parent contradiction among different theoretical and ex-
perimental results for the two-terminal (2T) conductance
G
(2)
SD in the ohmic regime. [5–7] In spite of the theoret-
ical prediction that the interaction should renormalize
the conductance as G
(2)
SD = ge
2/h, [8] one of the first
conductance measurements on a QW by Tarucha et al.
[9] has found a non-renormalized universal conductance
G
(2)
SD = e
2/h for an interacting system. On the contrary,
in the case of the fractional quantum Hall (FQH) edge
mode, an example of a chiral TLL [10], the Hall con-
ductance, usually measured in a four-terminal geome-
try, is maximally renormalized at a topological number:
GH = νe
2/h [11].
It turns out that a rapidly growing number of exper-
imental results is now available, on the conductance of
QW [12–14] and of carbon nanotubes [15–17]. Carbon
nanotubes [18,19] have been expected since their discov-
ery [20] to be ideal 1D quantum wires. The single-walled
nanotubes (SWNT) have four conducting channels indi-
cating an expected quantized conductance: GSD = 4e
2/h
[21]. The ballistic transport in carbon nanotubes was
first observed in only one channel of multi-walled nan-
otubes (MWNT) with GSD ∼ 2e2/h [22]. The temper-
ature and bias voltage dependence of the conductance
reported in Ref. [15] do suggest that this system is a
strongly correlated 1D electronic liquid. The TLL the-
ory for carbon nanotubes [23] has suggested an interac-
tion parameter g in the range 0.2− 0.3.
Recent data on the conductance of QW and carbon
nanotubes display a variety of results. In Ref. [12,13],
significant deviations from the quantized value e2/h were
observed. In Ref. [16], the observed conductance ex-
hibits fluctuations versus Fermi energy approaching the
unrenormalized theoretical value 4e2/h as the tempera-
ture is lowered. On the other hand, in the experiment by
Kasumov et al. [17] the isolated SWNT exhibits a resis-
tance which saturates at low temperature (in the pres-
ence of a sufficiently intense magnetic field) to a factor of
about 0.25 times the expected unrenormalized value. In
our route to suggesting experimental ways of observing
irrational excitations, we had to spend some time trying
to understand this variety of results. Our understand-
ing, as explained in the body of this paper, is that two
terminal conductance measurements should indeed dis-
play this variety of results, which may be understood as
expressing a variety of boundary conditions at the end
contacts.
The main effort of this paper is devoted to studying
more involved experimental geometries than two termi-
nal ones. To our knowledge the only way to describe
injection of electrons in a QW through a weak bulk con-
tact is to resort to the irrational excitation picture, which
should be taken into account in the theoretical descrip-
tion of this process. Thus, examining electron injection,
from one (various) weak bulk contact(s), in a QW con-
nected to reservoirs at its ends, should lead to specific
experimental predictions, as we argue in the body of this
work. We were stimulated in that direction by the work
of Chamon and Fradkin [25]. That work deals with the
FQH effect and examines the conductance of a FQH bar
(See Sec. III-C). In the case of the non-chiral liquid, one
cannot easily manufacture electrical contacts which in-
ject electrons only in one chiral eigen-mode of the TLL
Hamiltonian density, so that one cannot use the results
of [25]. One must actually solve the problem of the non-
chiral TLL with many leads.
We derive new scaling exponents associated with the
currents injected from bulk contacts. More generally
we discuss effects which are derived using the irrational
excitation picture, allowing measurements of g through
multi-terminal conductance measurements. Deviations
from the unrenormalized perfect conductance value are
predicted in the ohmic limit. In the renormalization
group (RG) picture this naturally suggests a possibility
of new intermediate fixed points. We have not been able,
though, to prove that our results are unique predictions
of the irrational excitation scheme, so that experimental
observation of, say, the new scaling exponent mentionned
above would be at best a plausibility argument in favour
of this scheme. The discussion of shot-noise experiments
is also left for a future publication. [26]
This paper is organized as follows: Sec. II describes
the model we are studying. That section is an attempt to
clarify the notion of the chemical potential for (interact-
ing) eigen-modes, as opposed to the chemical potential
for bare electrons. Sec. III discusses equilibration of
1D conductors with the 3D reservoirs: in actual experi-
ments, which are the particles which equilibrate with the
reservoirs: the bare electrons, or the eigen-modes of the
TLL ? This analysis allows a physical interpretation of
our boundary conditions. In Sec. IV we solve our chiral
electric circuit equations using the technology developed
in Sec. III. Sec. V is devoted to the RG analysis of a
bulk contact. Using our fractional scaling analysis, we
demonstrate that a non-trivial scaling exponent appears
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as a result of a specific boundary condition (boundary
condition A). Sec. VI is a generalization to many bulk
contacts. Some remarks on the application to SWNT
and MWNT will be found in Sec. VII. Our conclusions
are discussed in Sec. VIII.
II. MODEL, NOTATIONS AND CHIRAL
DENSITIES
Of importance to us in this paper is the distinc-
tion to be made between bare chiral electron densi-
ties and eigen-modes chiral densities of the TLL. The
bare chiral electron densities ρ
(0)
± (x, t) correspond to
the densities of electrons created either at the left or
right Fermi points of a non-interacting system. The
total electronic density ρ(x, t) and the current density
j(x, t) are related to ρ
(0)
± (x, t) as ρ(x, t) = ρ
(0)
+ + ρ
(0)
− ,
j(x, t) = vF
(
ρ
(0)
+ − ρ(0)−
)
. In the non-interacting system
the bare chiral electron densities are indeed two indepen-
dent eigenmodes of the system: ρ
(0)
± (x, t) = ρ
(0)
± (x∓vF t).
It is however no longer true in the TLL. In the interact-
ing system the left and right-moving electrons of the non-
interacting system are strongly coupled together; accord-
ingly, the bare electronic densities are no longer chiral.
In order to clarify this point we consider the harmonic
hamiltonian density of the spinless TLL,
HTLL = u
2
[
1
g
(
∂Φ(x, t)
∂x
)2
+ g Π(x, t)2
]
, (1)
where we have introduced the standard phase field Φ re-
lated to the electron density by: ρ(x, t) = 1√
π
∂Φ(x,t)
∂x , and
its conjugate canonical momentum Π(x, t). u = vF /g
is the dressed velocity. Note also that the continu-
ity equation shows that the current density is simply:
j(x, t) = − 1√
π
∂Φ(x,t)
∂t . The stationary components of
ρ(x, t) and j(x, t) are the zero modes: N =
∫ L/2
−L/2 ρ(x, t),
J =
∫ L/2
−L/2 j(x, t), which obey the fermionic selection
rule (−1)N = (−1)J [4]. Using Hamilton equations:
ug Π(x, t) = ∂Φ(x,t)∂t ,
u
g
∂2Φ(x,t)
∂x2 =
∂Π(x,t)
∂t , one finds im-
mediately(
∂
∂x
∓ 1
u
∂
∂t
)[
∂Φ(x, t)
∂x
± g Π(x, t)
]
= 0. (2)
This shows that ρ±(x, t) = 12√π
[
∂Φ(x,t)
∂x ± gΠ(x, t)
]
are
indeed chiral eigenmodes of the system: ρ±(x, t) =
ρ±(x ∓ ut). Observing that ρ(x, t) = ρ+ + ρ−, j(x, t) =
u (ρ+ − ρ−), one concludes that ρ+ and ρ− correspond
to a different decomposition of the total density into chi-
ral densities from the non-interacting case. These eigen-
mode chiral densities mix both left and right moving
electrons, since the bare chiral densities (obtained when
g = 1) are: ρ
(0)
± =
1
2
√
π
[
∂Φ(x,t)
∂x ±Π(x, t)
]
. In terms
of these eigenmode chiral densities obeying the anoma-
lous Kac-Moody commutation relations, the hamilto-
nian density splits into two commuting chiral parts:
H = πug ρ2+ + πug ρ2− = H+ + H−. The stationary com-
ponent of ρ±(x, t) are nothing but the chiral charges
Q± =
∫ L/2
−L/2 ρ±(x, t) [27]. It is convenient to introduce
a vector notation for the chiral densities. The dressed
eigenmode density ~ρ =
[
ρ+
ρ−
]
is related to the bare den-
sity ~ρ(0) =
[
ρ
(0)
+
ρ
(0)
−
]
in the matrix equation as ~ρ = Ω ~ρ (0),
where the matrix Ω = 12
[
1 + g 1− g
1− g 1 + g
]
characterizes
the fractionalization of electronic charge −e.
In the absence of applied external voltage VS − VD
the average current I = 〈j(x, t)〉 is zero. In order to
drive a net current through the sample, let us allow for
independent variations of the left and right bare chem-
ical potentials. The possibility to adjust them indepen-
dently expresses the chiral separation of TLL. This is ac-
complished by adding a chemical potential to the hamil-
tonian. But once again a distinction should be made
between bare chemical potentials ~µ(0) =
[
µ
(0)
+
µ
(0)
−
]
corre-
sponding to a variation of the bare electron densities and
eigenmode chemical potentials ~µ =
[
µ+
µ−
]
corresponding
to the eigen-mode chiral densities. More precisely, ~µ(0)
and ~µ are defined, respectively, by minimizing
HTLL − µ(0)+ ρ(0)+ − µ(0)− ρ(0)− =
uπ
2g
~ρ (0)TΩ2~ρ (0) − ~µ (0)T ~ρ (0),
HTLL − µ+ρ+ − µ−ρ− = uπ
2g
~ρ T ~ρ− ~µT ~ρ.
Completing the square densities, one finds ~µ (0) =
uπ
g Ω
2〈~ρ(0)〉, ~µ = uπg 〈~ρ〉 = uπg Ω〈~ρ(0)〉 [5,28]. Compar-
ing the two expressions, the relation between bare and
dressed chemical potential is found to be ~µ(0) = Ω~µ.
Note that ~µ(0) and ~µ obey the same linear transforma-
tion as the one for ~ρ(0) and ~ρ except that the roles of bare
elctrons and of the chiral eigenmodes are exchanged.
It would be worth mentioning here that in the four-
terminal conductance measurement by Picciotto et. al.
the resistance data (Fig. 3 of [14]) shows that the chemi-
cal potential µ coupled to additional probes (probe A and
B) is neither bare nor dressed chiral chemical potentials.
Instead the additional probes seem to be coupled almost
equally to both chiralities; µ is coupled to the total den-
sity: we should rather minimize the hamiltonian density
HTLL−µρ to find µ = µ++µ−2 . If the electronic transport
through the conductor is perfectly balistic, this chemical
potential µ is uniform throughout the conductor, which
explains the data of Picciotto et. al.
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In the presence of an electric field the chemical poten-
tial becomes an electrochemical potential and one may
introduce the following chiral voltages: ~µ(0) = −e~V (0) =[
−eV (0)+
−eV (0)−
]
, ~µ = −e~V =
[ −eV+
−eV−
]
. They are related,
of course, via the relation ~V = Ω~V (0). Thus the total
current I = −e〈j(x, t)〉 can be expressed either in terms
of the bare voltages I = −eu [1,−1]~ρ = e2h [1,−1] ~V (0)
or in terms of the dressed eigenmode voltages as I =
−evF [1,−1]~ρ(0) = g e2h [1,−1] ~V , where we have used
[1,−1] Ω = g [1,−1]. Note that we are working in
the unit where h¯ = 1. These relations together with
~V = Ω~V (0) play a central role in later sections when
the sample is connected to the reservoirs through various
boundary conditions.
We have summarized the bosonized formulation of
TLL as well as its response to external electric field by
emphasizing the difference between bare and eigen-mode
chiral densities. Let us now turn to a discussion of its
implications on the transport through TLL.
III. BOUNDARY CONDITIONS AT THE END
CONTACTS — SCREENING AND
EQUILIBRATION
In the approach developped by Landauer and Bu¨ttiker
for non-interacting electrons, the chiral chemical poten-
tials −eV+, −eV− of the bulk sample are equilibrated
with that of the reservoir from which the electrons are in-
jected [24]: VS = V+, VD = V−. Whereas in the bulk the
total current I is related to V+, V− as I = e
2
h (V+ − V−).
Thus the above boundary condition ensures the 2T SD
conductance, usually defined as G
(2)
SD = I/(VS − VD), to
be given by the standard unit conductance: G
(2)
SD = e
2/h.
Let us now switch on the interaction. As we have seen
in the last section, the conductance of the system as mea-
sured against either the bare or eigen-mode voltage yields
therefore different values, e.g., if the conductance is mea-
sured against V+ − V−, this gives the conductance ge2/h
in the bulk, which is reminiscent of the four-terminal
measurement in FQH bar [11]. In the case of the non-
chiral liquid, a four-terminal measurement analogous to
the one in Ref. [11] is difficult to realize, since one cannot
easily manufacture electrical contacts which are coupled
only to one of the chiral eigenmodes of TLL Hamiltonian.
In the experiment by Picciotto et. al. the resistance data
(Fig. 3 of [14]) shows that the voltage probes (probe A
and B) are coupled almost equally to both chiralities. On
the other hand, if the conductance is measured, under
certain circumstances, against V
(0)
+ − V (0)− , then it gives
e2/h. We believe that the value taken by the conduc-
tance, when the bulk sample is connected to the current
reservoirs, is, a matter of coupling between the sample
and the reservoirs. In the followoing we will formulate
this in a more systematic way, i.e., in the form of bound-
ary conditions at the end contacts.
A. Equilibration with bare electrons — Screening by
a metallic gate
Let us first consider the boundary condition discussed
in refs. [5–7,30,29,31]. This boundary condition has been
labelled a “radiative” boundary condition in Ref. [31].
With this boundary condition the particles emitted by
the left reservoir are then in equilibrium with the bare
electrons: {
VS = V
(0)
+ = [1 0] Ω ~V
VD = V
(0)
− = [0 1] Ω ~V
, (3)
where the matrix Ω has been defined as
Ω =
1
2
[
1 + g 1− g
1− g 1 + g
]
. (4)
Let us first recall that the conductance defined with this
boundary condition is indeed e2/h independently of g.
Recall the relation between bare and dressed voltages:
~V = Ω~V (0). The bias voltage VS − VD = [1,−1] ~V (0)
can be written as VS − VD = [1,−1] Ω ~V = g [1,−1] ~V ,
where we have used [1,−1] Ω = g [1,−1]. The total cur-
rent I can be expressed either in terms of the bare bias
voltages I = e
2
h [1,−1] ~V (0) or in terms of the dressed
eigenmode voltages as I = g e
2
h [1,−1] ~V . It then follows
that the conductance is given by G
(2)
SD = e
2/h indepen-
dently of g.
Another important remark is that this boundary con-
dition requires the existence of a metallic gate along the
1D sample [30,31]. When a certain amount of charge
Q is injected from the reservoir through an end con-
tact, the TLL system cannot screen this charge com-
pletetely because of this boundary condition, instead
QTLL = −(1 − g2)Q is induced in TLL. In order for the
charge conservation Q + QTLL + Qgate = 0 to be satis-
fied there needs to exist a metallic gate providing for a
screening charge Qgate = −g2Q [30,31]. The existence
of metallic gate also explains a short-range interaction in
1D quantum wire which ensures a finite parameter g of
TLL model. In the experiment by Tarucha et. al. [9] the
1D sample was indeed screened by the metallic gate.
B. Equilibration with dressed eigenmodes — No
screening gate
Knowing that the boundary condition (3) requires the
existence of metallic gate one naturally asks the question
what will be the corresponding boundary conditions in
the absence of screening by a metallic gate. TLL with
finite g (long-range interaction cut off by the finite length
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of the sample and the width of the tube) without screen-
ing gate is indeed realized in a SWNT [21]. The boundary
condition which ensures Q+QTLL = 0 with no reference
to the metallic gate is, in fact, V+ = VS , V− = VD. The
dressed eigenmode voltages are equilibrated with those
of the reservoirs, i.e., the particles emitted from the left
(right) reservoir are moving to the right (left) and are
in equilibrium with the right (left)-moving eigenstates
of the TLL. If this naive picture is indeed the case, the
conductance in terms of the voltage difference between
the reservoirs, is obtained immediately from the relation
I = g e
2
h [1,−1] ~V , i.e., G
(2)
SD = ge
2/h. The conductance
is fully renormalized [26].
C. Intermediate possibilities
Are there intermediate possibilities, i.e., situations
where neither bare electrons nor eigenstates are in equi-
librium with the reservoir? In the case of FQH edge
mode, i.e., if one replaces in the above discussion the
1D TLL sample by a FQH bar at bulk filling factor ν, it
was shown in Ref. [25] that depending on the number NL
(NR) of left (right) strong point like contacts with the left
(right) reservoir the SD conductance of a FQH bar GSD
varies from GSD = e
2/h to GSD = νe
2/h. The first case
(boundary condition A) in which the 2T conductance is
not fractional but integral (G
(2)
SD = e
2/h) corresponds to
a single tunneling point contact: NL = NR = 1. The sec-
ond case (boundary condition B) where the end contacts
are in equilibrium with dressed eigenmodes corresponds
to an infinite number of tunneling point contacts between
each reservoir and the sample: (NL, NR) → (∞,∞).
The third possibility (boundary condition C) arises in
between, when there is a finite number of tunneling quan-
tum point contacts.
Turning to the case of the quantum wire, which of these
three cases is relevant experimentally? A first model is
that of the inhomogeneous TLL, in which the reservoirs
are modelized as TLL at g = 1 (1D free fermions). [5–7]
We observe that this model implicitly describes a trans-
mission of the current through a single point contact.
Furthermore it implies the presence of a screening gate.
This confirms that a single contact between the reservoirs
is not enough for equilibration of the 1D sample with the
reservoirs as we surmised, yielding therefore an unrenor-
malized conductance. A second series of explanations
rely on the assumption that the conductance measured
is the ratio I/Vloc of the current to a so-called total local
field, which sums a contribution from the external electri-
cal field plus some response of the TLL, rather than the
ratio of the current to the external potential as usual [34].
It is then shown by a diagrammatical analysis that the
local field is Eloc = Eext/g [35]. The ratio I/Vext being
assumed as in the initial work by Kane and Fisher [32] to
be equal to g, this yields an unrenormalized conductance
I/Vloc = 1. That analysis is doubtful because experi-
mentally the external field is fixed which means that one
really measures the ratio I/Vext. By contrast, in our ap-
proach what is measured is indeed the ratio I/Vext = 1,
although we agree on the relation Eloc = Eext/g. Note
that this follows from elementary considerations on chiral
modes (see section II).
We stress that although the boundary condition A
seems to be realized in the experiments when a screen-
ing gate is present, this does not bar the possibility that,
in different set-ups, boundary condition B or C might
apply. In the experiment by Kasumov et. al. [17] the iso-
lated SWNT sample ST1 exhibits a resistance R which
saturates at high temperatures to R ∼ 25kΩ (see Fig.
2B of Ref. [17]). This corresponds to the conductance
G
(2)
SD ∼ e2/h, which is smaller by a factor 1/4 than
G
(2)
SD = 4e
2/h expected from the boundary condition (3).
Note that this experiment was done in the absence of
screening gate, where the boundary condition B might
apply. Since g is typically in the range 0.2 to 0.3, the
observed conductance G
(2)
SD ∼ e2/h is indeed reminiscent
of the renormarized conductance: G
(2)
SD = 4ge
2/h.
The inhomogeneous TLL model [5–7] assumes by con-
struction an injection of current through a single end
contact for each reservoir. But the current might be in-
jected through bulk contacts in addition to being injected
through end contacts. In further sections of this paper we
address the issue of bulk contacts using the perpurbative
RG analysis for bulk tunneling.
IV. ONE BULK CONTACT IN THE PRESENCE
OF A LARGE BIAS CURRENT
In the following we will consider a model where the
sample is connected to the reservoir not only through the
end contacts but also through some bulk contacts. For
the end contact, depending on the presence or absence of
screening gate, the boundary conditions (A) or (B) will
be applied. We will mainly focus on the case where the
two end contacts impose a large stationary current Ibias
in the quantum wire. In this case the additional current
injected through the bulk contact can be treated as a
small perturbation. We will develop later a RG analysis
which is compatible with fractionalization scheme, which
will tell us the scaling behavior of this bulk injected cur-
rent. In order to utilize the results of this fractional RG
analysis, we first have to derive and solve the equations
which describe our chiral electric circuits. We will see
that the existence of a large stationary current as well as
different boundary conditions play an important role in
finding a new exponent in the conductance formula.
A motivation of our work is based on the findings of
Ref. [1]. Following the latter work, an electron injected
from a normal lead into a TLL splits into two eigen ex-
citations which are fractional (in fact, for most repulsive
interaction strengths, the correct term would be irra-
tional). Namely, the two chiral eigen excitations have
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charges (1 + g)/2, (1 − g)/2, and they propagate in op-
posite directions with the corresponding chiral mode ve-
locities.
Various authors have discussed the observability of
those irrational excitations ge [1,32,36–39]. The obvi-
ous suggestion is based on electric current noise mea-
surements [1]. However the results of Ref. [25] suggest
that the parameter g might also be measured in a con-
ductance experiment with many contact points, and/or
possibly different bias voltages. This is what we proceed
to do below, in various situations.
Let us first consider a single bulk contact in the middle
of the sample. The bulk contact has the following two
effects (see Fig. 1).
1. Tunneling of Laughlin quasiparticles [1] between
the two chiral modes. This is due to the back-
ward scattering between +kF and −kF electrons.
The total charge is conserved in this process (N =
0, J = ±2). When a macroscopic number of elec-
trons are involved in this process, a current iback is
back-scattered from (+)-chirality to (−)-chirality.
2. Tunneling of electrons into or out of the bulk sam-
ple through the bulk contact, i.e., injection or ejec-
tion of electrons throught the bulk contact. The
total charge is increased or decreased by 1: N =
±1, J = ±1, respectively, for the tunneling of
+kF (−kF) electrons. When a current ibulk is in-
jected through the bulk contact into the sample, it
splits into two parts i+ and i− corresponding, re-
spectively, to an eigen modes with +(−)-chirality:
ibulk = i+ + i−.
i+
i− iback
V
L RV−
S
V
L
+V VR
+
−
DVSV
r
FIG. 1. A bulk contact in the presence of a large station-
ary current Ibias. The chiral symmetry of the TLL is not
destroyed by the bulk contact. — At the bulk contact a cur-
rent iback is back-scattered from (+)-chirality to (−)-chirality
due to the tunneling of Laughlin quasiparticle. A net current
ibulk is injected through the bulk contact into the sample. As
soon as it is injected into the TLL sample, it splits into two
parts i+ and i− corresponding, respectively, to one of the TLL
eigenmodes with +(−)-chirality.
In order to see how the bulk contacts influence the two-
terminal conductance of the system, we develop below
the voltage drop equations, i.e., a set of equations which
determine the chemical potential of the system on each
side of the bulk contacts. In the presence of 1. back-
scattering, 2. electron injection (ejection), the voltage
drop equation reads
{
i+ − iback = g e2h (V +R − V +L )
i− + iback = g e
2
h (V
−
L − V −R )
, (5)
where V ±L and V
±
R are the electrostatic potentials of
the eigen modes on each side of the bulk contact. Us-
ing the vector notation ~ibulk =
[
i+
i−
]
, ~VL =
[
V +L
V −L
]
,
~VR =
[
V +R
V −R
]
, the voltage drop equations can be rewrit-
ten in a simpler form and can be treated in a systematic
way,
~VR − ~VL = σz
~ibulk
ge2/h
− iback
ge2/h
[
1
1
]
, (6)
where σz =
[
1 0
0 −1
]
. For later convenience we intro-
duce the following decomposition of ~ibulk:
~ibulk = i+kFΩ
[
1
0
]
+ i−kFΩ
[
0
1
]
, (7)
where the matrix Ω was defined in Eq. (4). i+kF
and i−kF are, respectively, the currents injected from
the bulk contact through Ψ+kF ∼ e
i
√
π [1 0] Ω
[
θ+
θ−
]
, or
through Ψ−kF ∼ e
i
√
π [0 1] Ω
[
θ+
θ−
]
, where θ± = θ ∓ φg
defined in terms of φ = Φ(x = 0), θ = Θ(x = 0) are
the values of chiral fields at the bulk contact (x = 0).
Noticing that [1, 1] Ω = [1, 1], one can easily check
that the total bulk injected (ejected) current is indeed
ibulk = [1, 1]~ibulk = i+kF + i−kF .
The total current IL, IR on each side of the bulk
contact is related to ~VL, ~VR via the equations: IL =
e2
h [1,−1] Ω~VL = g e
2
h [1,−1]~VL, IR = e
2
h [1,−1] Ω~VR =
g e
2
h [1,−1]~VR. Let us first focus on
IR − IL = g e
2
h
[1,−1]
(
σz~ibulk
ge2/h
− iback
ge2/h
[
1
1
])
= ibulk,
(8)
where we have used (6). The physical meaning of this
simplest equation is far from uninteresting.
1. The total current is conserved on each side of the
bulk contact, i.e., iback does not appear in IL − IR,
reflecting the fact that the back-scattering con-
serves the total charge.
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2. Even though an electron injected from the bulk con-
tact (normal lead) splits into two fractional excita-
tions propagating in the opposite directions, lead-
ing to i+ − i− = [1,−1]~ibulk = g (i+kF − i−kF) (see
Eq. (7)), the total current added by ~ibulk is ibulk
independently of g.
Now we connect both ends of the sample to the reservoirs
through either of the two boundary conditions discussed
in section III.
A. One bulk contact with end contacts in
equilibrium with bare electrons
Let us first consider the case where the sample is con-
nected to the reservoirs via the boundary condition (3).
Using the voltage drop equation (6), the boundary con-
dition (3) at the end contacts can be written as
VS = [1 0] Ω ~VL
= [1 0] Ω
(
~VR − σz
~ibulk
ge2/h
+
iback
ge2/h
[
1
1
])
VD = [0 1] Ω ~VR
= [0 1] Ω
(
~VL +
σz ~ibulk
ge2/h
− iback
ge2/h
[
1
1
])
(9)
Hence
VS − VD = ~V TR Ω
[
1
−1
]
+
iback
ge2/h
− [1 0]Ωσz
~ibulk
ge2/h
(10)
= ~V TL Ω
[
1
−1
]
+
iback
ge2/h
− [0 1]Ωσz
~ibulk
ge2/h
. (11)
Let us first look at (11). Recall the decomposition (7).
Noticing that Ω σz Ω = gσz is a diagonal matrix, one
can rewrite the bias voltage VS − VD as
VS − VD = h
e2
(
IR +
1
g
iback − i+kF
)
, (12)
i.e., i−kFΩ
[
0
1
]
in ~ibulk does not contribute to (12). In
order to see the consequence of (12) let us first consider
the case: ibulk = 0, i.e., electrons are neither injected nor
ejected through the bulk contact. In this case the total
current in the presence of the backscattered current iback
is given by I = IL = IR =
e2
h (VS − VD) − 1g iback. It
is very interesting to compare it with the current in the
absence of bulk contact: Imax =
e2
h (VS −VD). The result
is obviously
Imax − I = 1
g
iback, (13)
which is different from the naive expectation Imax − I =
iback, by a factor 1/g. In the derivation of (13) the bound-
ary condition (9) has been treated carefully with VS and
VD being fixed. Our result, Eq. (13), which differs from
the analysis in Ref. [38], leads to an important remark
on the shot-noise experiment in TLL. [26]
In order to see how the two-terminal conductance is
affected by the bulk contact, we connect the bulk con-
tact to the source (S) through an ohmic resistance rS .
In this case the total current circulating in the system is
I = IR = [1,−1] Ω ~VR. Therefore Eq. (12) means
I =
e2
h
(VS − VD)− 1
g
iback + i+kF . (14)
Another remark is that in the physically interesting case
of small ibulk = i+ + i− = i+kF + i−kF > 0, V =
VS − rSibulk where rS is a resistance between the source
and bulk contact. This means VD ≪ V < VS .
When the bulk contact is connected to the drain (D),
one should use (11). Thus the total current I = IL =
[1,−1] Ω ~VL can be written as
I =
e2
h
(VS − VD)− 1
g
iback − i−kF . (15)
We will be interested in the case of small ibulk < 0, i.e.,
VD < V = VD − rDibulk ≪ VS .
We will see in the next section that Eqs. (14,15) give
rise to a non-trivial physical consequence, where we apply
to them the results of our fractional scaling analysis. This
is not only due to the specific boundary condition which
we have chosen for the moment but also related to the
existence of a large stationary current. In the absence
of stationary current Ibias, i.e., when VS = VD = V0,
which actually implies V+ = V− = V
(0)
+ = V
(0)
− = V0,
the scaling behavior of i±kF is trivial: i+kF = i−kF ∼
±|V − V0|2∆, depending on the sign of V − V0, where V
is the electrostatic potential of the bulk contact and ∆ is
the anomalous scaling dimension of a TLL electron. In
the case of finite SD voltage VS 6= VD, where V+, V−,
V
(0)
+ and V
(0)
− are all different, we have to look into the
details of fractional decomposition and find out the scal-
ing law as a function of Ibias. This is done in Sec. V
below.
B. One bulk contact with end contacts in
equilibrium with dressed eigenmodes
Before turning to the RG analysis of bulk contacts,
let us briefly look at the second boundary condition dis-
cussed in section III-B, i.e., the case where the dressed
eigenmode voltages are equilibrated with those of the
reservoirs: V +L = VS , V
−
R = VD. The particles emit-
ted from the left (right) reservoir are moving to the right
(left) and are in equilibrium with the right (left)-moving
eigenstates of the TLL. This situation may be achieved
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in the SWNT in the absence of screening gate. The two-
terminal conductance in the present case in the absence
of bulk contacts is quantized at G
(2)
SD = ge
2/h. In the
case of one bulk contact connected to the source (S), the
voltage drop equation (6) implies instead of (14)
I = g
e2
h
(VS − VD)− iback + i+, (16)
where the total current I is given as I = IR =
g [1,−1] ~VR. When the bulk contact is connected to the
drain (D), one finds instead
I = g
e2
h
(VS − VD)− iback − i−. (17)
Note that in Eqs. (16,17) the correction due to the bulk
contact enters as either i+ or i− in contrast to Eqs.
(14,15). As a result, we will see that the leading scal-
ing exponents which appear in Eqs. (16,17) are different
from the ones in (14,15) and that they are simply re-
lated to the anomalous scaling dimension ∆ of the TLL
electron operator. All these issues concerning the scaling
behavior of Eqs. (14,15,16,17) will be discussed in detail
in the next section. However the reader who is more in-
terested in the physical consequences of the analysis in
this section than a detailed deriviation of RG equations
can skip to Eqs. (26,27) and Sec. V-C.
V. RG ANALYSIS FOR THE 3T CONDUCTANCE
MEASUREMENT
We are mostly interested in the leading order correc-
tions to the conductance in the presence of bulk contact
under two different boundary conditions discussed in Sec.
III-A and Sec. III-B. It is not difficult to realize us-
ing the standard scaling analysis that the backscattered
current is IR-relevant whereas the bulk-injected current
is UV-relevant for repulsive interaction (0 < g < 1),
i.e., iback/(VS − VD) (ibulk/(VS − VD)) scales to smaller
(larger) values as the SD voltage VS − VD is increased.
However as we will see later in this section, more precise
understanding of the scaling will become necessary in the
analysis of Eqs. (14,15,16,17). In particular it turns out
less trivial in a chirally separated system but essential in
the discussion of conductance to identify the cutoff en-
ergy scale Λ which defines the upper limit of physically
meaningful energy scales.
In the case of standard backscattering problem with-
out ibulk, [32] there are two fixed points on the RG flow
diagram, usually drawn in terms of the conductance G
(2)
SD
(y-axis) as a function of Λ (x-axis). The two fixed points
are at G
(2)
SD = 0 (Λ = 0) and either at G
(2)
SD = e
2/h or
at G
(2)
SD = ge
2/h (Λ → ∞). Here we are interested in
the latter UV (ohmic) limit in the presence of ibulk. We
will see that the 3T SD conductance G
(3)
SD shows an UV-
relevant deviation and interpolates between the standard
2T values: G
(2)
SD = e
2/h and G
(2)
SD = ge
2/h.
We start with the Euclidian Lagrangian density for
non-chiral TLL,
LTLL = u
2
[
1
g
(
∂Φ
∂x
)2
+ g
(
∂Θ
∂x
)2]
+ i
∂Φ
∂τ
∂Θ
∂x
. (18)
We do not consider for the time being the effects of end
contacts. On the other hand we take into account the
existence of a stationary current Ibias. In the absence
of bulk contact, the TLL has two chiral eigen modes re-
spectively at voltages V+ and V−. These voltages V+
and V− are related to the stationary current Ibias via
I = g e
2
h [1,−1] ~V .
The bulk contact is at x = 0. All the bosonic fields
involved in backscattering or tunneling should be under-
stood as those at x = 0. Therefore it is convenient to
integrate out the continuum degrees of freedom in (18)
to obtain the effective action at x = 0.
S0 =
1
β
∑
ω
|ω|
(
1
g
|φ(ω)|2 + g |θ(ω)|2
)
(19)
=
g
2β
∑
ω
|ω|
(
|θ+(ω)|2 + |θ−(ω)|2
)
, (20)
where φ = Φ(x = 0), θ = Θ(x = 0) and θ± = θ ∓ φg . In
the back-scattering problem, [32] θ is free and eventually
can be integrated out from the effective action, but let
us for the moment keep θ. We need both fields in order
to treat 1. back-scattered current iback, 2. electron in-
jection (ejection) ~ibulk, on the same footing. We will see
that (20) is the suitable way of writing S0 for the latter
problem.
A. Backward scattering
We first consider the backscattering problem [32]. The
scattering potential due to the tunneling of quasiparticle
reads
Lback ∼ Γback
[
Ψ†+kFΨ−kF +Ψ+kFΨ
†
−kF
]
x=0
∼ δ(x)Γback cos(2
√
πφ), (21)
i.e., θ is free and can be integrated out from the effective
action. By throwing away θ-part in (19); the effective
action at x = 0 reduces to
Sback(Λ) =
1
βg
∑
|ω|<Λ
|ω||φΛ(ω)|2
+ Γback(Λ)
∫ β
0
dτ cos(2
√
πφΛ). (22)
This effective theory is meaningless unless we find a suit-
able high-frequecy cutoff Λ, i.e., starting from bare cutoff
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Λ0, we integrate out the high-frequency unphysical de-
grees of freedom down to Λ. By decomposing the bosonic
field φ in Fourier space into fast (Λ − dΛ < ω < Λ)
and slow (0 < ω < Λ − dΛ) parts and then integrat-
ing out the high-frequency modes Λ − dΛ < ω < Λ,
one obtains the RG equation for Γback(Λ) as Γback(Λ) =
Γback(Λ0)
(
Λ
Λ0
)g−1
. The scaling behavior of backscat-
tered current iback is deduced from the RG equation by
identifying the physical Λ to be Λback = g e(V+ − V−) =
VS − VD so that iback ∼ (VS − VD)2g−1, where we
have chosen by convention as VS > VD . Notice that
in the high-frequency (ohmic) limit (VS − VD → ∞)
the correction to the two-terminal conductance vanishes:
diback
d(VS−VD) ∼ (VS − VD)2(g−1) → 0 as long as 0 < g < 1.
B. Electron injection (ejection)
For the tunneling of electron into or out of the bulk
sample, we basically follow the same spirit. Through the
bulk contact at x = 0 electrons can tunnel into the bulk
sample which has two chirally separated eigen modes re-
spectively at voltages V+ and V− from the electron reser-
voir at chemical potential eV . An electron incident from
this electron reservoir at chemical potential eV must be
decomposed into two fractionally charged quasiparticles
in order to be absorbed in the bulk sample. The incident
Fermi liquid electron ends up in the final state with one of
the two possible electronic excitations of TLL, i.e., either
Ψ+kF ∼ e
i
√
π [1 0] Ω
[
θ+
θ−
]
or Ψ−kF ∼ e
i
√
π [0 1] Ω
[
θ+
θ−
]
,
where Ω has been defined as Ω = 12
[
1 + g 1− g
1− g 1 + g
]
. The
scattering potential due to an injection or ejection of elec-
trons at x = 0 is given, respectively, for the +kF- and
−kF-channel as
L+kF = Γ+kF
[
Ψ†+kFΨg=1 +Ψ+kFΨ
†
g=1
]
∼ Γ+kF
[
Ψ†g=1e
i
√
π( 1+g2 θ++
1−g
2
θ
−) + (h.c.)
]
, (23)
L−kF = Γ−kF
[
Ψ†−kFΨg=1 +Ψ−kFΨ
†
g=1
]
∼ Γ−kF
[
Ψ†g=1e
i
√
π( 1−g2 θ++
1+g
2
θ
−) + (h.c.)
]
. (24)
The total effective action is
Sbulk =
g
2β

 ∑
|ω|<Λ+
|ω| |θ+(ω)|2 +
∑
|ω|<Λ
−
|ω| |θ−(ω)|2


+
∫ β
0
dτL+kF [θ+, θ−] +
∫ β
0
dτL−kF [θ+, θ−], (25)
where we have introduced two frequency cut-offs Λ+ and
Λ−, respectively, for θ+ and for θ−. Notice that in Eq.
(25) S0 is represented as (20). Now we derive the RG
equation for Γ+kF(Λ+,Λ−) and Γ−kF(Λ+,Λ−). using
the standard perturbative RG analysis. At leading order
the two RG equations are decoupled and can be treated
independently. Furthermore the cutoff frequencies Λ+
and Λ− can be different for the two RG equations, since
available energy shells in S0 for (23) and (24) can be
differernt. The crucial step is, therefore, to find these
cut-off frequencies, i.e., Λ++kF , Λ
−
+kF
for Γ+kF , and Λ
+
−kF ,
Λ−−kF for Γ−kF . In the Appendix these cutoffs are derived
based on a microscopic analysis where the fractionaliza-
tion of an incident electron is explicit. By simply ob-
serving the physical processes in (23), it is however not
difficult to convince ourselves that the natural cutoffs
for (23) are Λ++kF = Λ
−
+kF
= e
(
V − V (0)+
)
, where V
(0)
+ =
1+g
2 eV++
1−g
2 eV− is the chemical potential of a +kF elec-
tron incident from two chiral eigenmodes of TLL. Thus
the RG equation for Γ+kF reduces to that of a single
scaling parameter Λ, i.e., following the same procedure
as the backscattering problem, one can find the RG equa-
tion for Γ+kF(Λ) as Γ+kF(Λ) = Γ+kF(Λ0)
(
Λ
Λ0
)∆+1/2−1
,
where ∆ = 14
(
g + 1g
)
is nothing but the anomalous scal-
ing dimension of a TLL electron operator. The scaling
behavior of bulk injected current i+kF is deduced from
the RG equation by identifying the physical Λ to be
Λ = Λ++kF = Λ
−
+kF
= e
(
V − V (0)+
)
as
i+kF ∼


(
V − V (0)+
)2∆
for V > V
(0)
+
−
(
V
(0)
+ − V
)2∆
for V < V
(0)
+
. (26)
Note that the energy dependence of Eq. (26) is not
a simple product of two chiral components such as
(V −V+)∆(V −V−)∆ as might be naively expected. The
same argument applies for the RG equation for Γ−kF .
The scaling behavior of bulk injected current i−kF is ob-
tained as
i−kF ∼


(
V − V (0)−
)2∆
for V > V
(0)
−
−
(
V
(0)
− − V
)2∆
for V < V
(0)
−
, (27)
where eV
(0)
− =
1−g
2 eV+ +
1+g
2 eV− is the chemical poten-
tial of −kF electron. In the absence of stationary current
Ibias, both Eqs. (26) and (27) reduce to the trivial scal-
ing law: i+kF = i−kF ∼ ±|V − V0|2∆, depending on the
sign of V − V0.
C. Conductances
We now turn to the discussion of the physical conse-
quences of Eqs. (14,15) and Eqs. (16,17), which corre-
spond, respectively, to the boundary conditions discussed
in Secs. III-A and III-B. In Secs V-A and V-B, in par-
ticular, in Eqs. (26) and (27), we were able to relate the
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bulk injected currents i±kF to local energy scales in the
vicinity of the bulk contact such as V −V (0)+ or V −V (0)− .
In order to compare this term with other contributions
one has to rewrite them in terms of the source-drain volt-
age VS − VD. We focus on the case where the two end
contacts impose a large stationary current Ibias in the
quantum wire so that
1. The chiral symmetry of the system should be pre-
served.
2. The additional current injected through the bulk
contact can be treated as a small perturbation.
We will see that under the two boundary conditions dis-
cussed in Sec. III-A and Sec. III-B, the 3T SD con-
ductance G
(3)
SD interpolates between the two fixed points:
GSD = e
2/h and GSD = ge
2/h in the ohmic limit. We
found non-trivial scaling exponents as a result of specific
boundary condition and electron fractionalization.
1. One bulk contact with end contacts in equilibrium with
bare electrons
In the case of equilibration with bare electrons at
the end contacts (see section III-A), i.e., in the case of
(14,15), due to the boundary condition (9), V
(0)
+ in (26)
and V
(0)
− in (27) can be replaced, at leading order, by
V
(0)
+ = VS and V
(0)
− = VD, respectively. Now let us
consider the case of Eq. (14), in which the bulk con-
tact is connected to the source (S) through an ohmic
resistance rS . We are mainly interested in the case:
VD ≪ V = VS − rSibulk < VS , i.e., in the case of small
ibulk > 0, since this gives the first correction to the ”end-
contact model”. Substituting Eq. (26) into Eq. (14),
one can immediately see that the contribution to the to-
tal current I of the bulk injected current obeys a power
law with an exponent 2∆. The important result of our
RG analysis, which is carefully derived in Sec. V-A and
V-B as well as in the Appendix, is that this exponent
appears as a power of the voltage difference VS − V and
not of the source-drain voltage VS − VD.
Now we have to rewrite this energy scale VS − V in
terms of VS−VD. Let us notice that i+kF ∼ −(VS−V )2∆
is negative and very small when VD ≪ V < VS since
2∆ = 12
(
g + 1g
)
≥ 1. On the other hand, i−kF ∼
(V − VD)2∆ ∼ (VS − VD)2∆ gives a positive dominant
contribution to ibulk compensating for the negative i+kF
to ensure a positive ibulk = i+kF + i−kF . Thus the small
voltage difference VS − V which appears in the scaling
of i+kF can be rewitten as a function of the bias voltage
VS − VD as VS − V ∼ ibulk ∼ i−kF ∼ (VS − VD)2∆. In
other words, VS − V itself scales with the exponent 2∆
in terms of the source-drain voltage VS − VD. The com-
bination of these two 2∆’s leads to an unusual scaling
behavior of the conductance measured in terms of the
bias voltage VS − VD:
G
(3)
SD =
e2
h
− c1(VS − VD)2(g−1) − c2(VS − VD)(2∆)
2−1,
(28)
where c1 and c2 are scale-invariant positive constants.
Eq. (28) constitutes one of the main results of the paper,
since it not only contains a new type of scaling behav-
ior (VS − VD)(2∆)2−1 but also justifies our model as a
possible way to interpolate between the two boundary
conditions. Notice that (2∆)2 − 1 ≥ 0 for 0 < g ≤ 1.
Eq. (28) means that even in the ohmic regime where
the backscattering current iback scales to zero, the two-
terminal conductance in the presence of the bulk contact
can be decreased due to the bulk-injected current ibulk
and interaction (0 < g < 1).
In the case of the bulk contact connected to the drain
(D), i.e., Eq. (15), one finds, of course, the same uni-
versal behavior as (28) as far as one focuses on the case
VD < V ≪ VS , i.e., the leading order correction to the
boundary condition (3).
2. One bulk contact with end contacts in equilibrium with
dressed eigenmodes
Let us now consider the second boundary condition for
the end contacts: VS = V
+
R , VD = V
−
L , i.e., we discuss
the scaling behavior of (16,17). In this case, depending
on whether the bulk contact is connected to the source
(S) or to the drain (D) all the V ’s in Eqs. (A1),(A2) can
be replaced either by V = V+ or by V = V−. Then one
can, of course, replace V+ and V− respectively, by VS and
by VD. Substituting V = V+ = VS , V− = VD into Eqs.
(A1,A2), one finds Λ++kF = Λ
−
+kF
= 1−g2 (VS−VD) as well
as Λ+−kF = Λ
−
−kF =
1+g
2 (VS − VD). Eqs. (26), (27) may
also be rewritten accordingly. Taking into account that
i+ =
1+g
2 i+kF +
1−g
2 i−kF > 0 in contrast to the previous
case: i+kF < 0, the leading scaling behavior of Eq. (16)
is found to be
G
(3)
SD = g
e2
h
− c1(VS − VD)2(g−1) + c3(VS − VD)2∆−1,
(29)
where c1 and c3 are scale-invariant positive constants.
Comparing with (28), one can observe that in Eq. (29),
1. The existence of the bulk current increases G
(3)
SD,
indicating that the correction indeed interpolates
between the two limiting cases, i.e., from GSD =
ge2/h to GSD = e
2/h.
2. The correction due to the bulk current does not
scale in the same way. Note that the exponent of
Eq. (29) is simply related to the anomalous scaling
dimension of a TLL electron operator.
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3. Remarks on energy scales
Before ending this section, we would like to make some
remarks on the energy scales where Eqs. (28,29) are
valid.
1. We have neglected the backscattering at the in-
terface between the 1D sample and the reservoirs.
This is justified when e(VS − VD) ≫ Λend, where
Λend is a crossover energy associated with the
quasiparticle↔electron tunneling duality model at
effective filling factor νeff [25,33].
2. In order for Eqs. (28,29) to be valid it is also
required that backscatterings in the bulk (at the
bulk contact or due to some impurities in the
bulk) can be treated perturbatively. This situa-
tion is achieved when e(VS − VD) ≫ Λback, where
Λback is another crossover energy scale: Λback ∝
Γback(Λ0)
1/(1−g). [32]
3. Finally VS − VD must be sufficiently large so that
the perturbative analysis for the electron injection
(ejection) can be justified, i.e., e(VS−VD)≫ Λbulk,
where Λbulk ∝ Γ±kF (Λ0)2/(1−2∆), ∆ = 14
(
g + 1g
)
.
We have also assumed that
1. the temperature T is sufficiently low,
2. the typical size L of the system is large enough,
so that e(VS − VD) ≫ T, u/L should be satisfied, where
u = vF /g is the velocity of the chiral eigen modes.
We studied the effects of one bulk contact as a leading
order correction to the two limiting cases of end contact
model: (A) GSD = e
2/h and (B) GSD = ge
2/h, corre-
sponding, respectively, to the (A) the presence and (B)
the absence of screening by a metallic gate discussed in
Sec. III. We found,
1. In both cases G
(3)
SD is not quantized even in the
ohmic limit VS − VD → ∞, interpolating between
the two limiting cases: (A) GSD = e
2/h and (B)
GSD = ge
2/h.
2. The correction due to the bulk current, however,
does not scale in the same way (see Eqs. (28)
and (29)). In the presence of screening metallic
gate, i.e., in the case of Eq. (28), it exhibits a pro-
nounced scaling behavior: (VS−VD)(2∆)2−1, where
2∆ = 12
(
g + 1g
)
> 1 (2∆ = 1) for (non) interacting
case.
In terms of the RG picture introduced at the beginning
of this section, UV-relevant deviation from the standard
two fixed points: (A) GSD = e
2/h and (B) GSD = ge
2/h
may suggest a possibility of new continuous fixed points
between the above two values.
VI. GENERALIZATION TO MANY BULK
CONTACTS
In this section we continue the analysis of the bulk
contacts. Some of the electrons are injected into the
nanotube through NL bulk contacts in the left reservoir
(others are through the end contact). Both of them con-
tribute to the total current I which flows through the
sample. Similarly in the right reservoir some electrons
are ejected from the nanotube not only at both ends but
also through one of the NR bulk contacts. In brief we
generalize the analysis of one bulk contact to many bulk
contacts.
This model is clearly inspired by the work of Chamon
and Fradkin. The curious result derived in Ref. [25] is
that the conductance is not monotonous as a function of
NR and NL (See Sec. III-C), and has a sort of damped
oscillatory behaviour which depends on the parities of
NR and NL. [40] So we were curious to determine if such
a non-monotonous behaviour would also be predicted in
the case of the non-chiral TLL, and if the renormal-
ized conductance could be experimentally measured in
the case of many contacts, as opposed to the situation
found in [5–7]. As will appear below, our answer is that
the non-chiral TLL does not behave like a chiral one as
far as the number of contacts is concerned, although the
conductance results are affected when weak contacts are
applied in the bulk of the sample strongly connected to
reservoir through its end points.
Another motivation behind this type of model is the
experiment by Kasumov et. al. [17], where they found
a clear signature of superconduting behavior in isolated
SWNT samples as well as nanotube ropes. In this
experiment the isolated SWNT sample ST1 exhibits a
resistance R which saturates at high temperatures to
R ∼ 25kΩ (see Fig. 2B of Ref. [17]). As has been al-
ready mentioned, this corresponds to the conductance
GSD ∼ e2/h, which is smaller by a factor 1/4 than
GSD = 4e
2/h expected from the boundary condition (3).
In this experiment the nanotubes are embedded (melt)
into the reservoirs at both ends. Given the finite radius
of the nanotube (∼ 1.5nm) and possible roughness of the
electrode surface from which the nanotube emerges, it is
legitimate to question the validity of single point contact
model. What is hoped here is that our model with a weak
bulk contact is a first step towards a proper description
of this experimental situation.
A. Many bulk contacts with end contacts in
equilibrium with bare electrons
Consider NR + NL independent bulk contacts NL of
which are connected to the source (S) and the rest of
which to the drain (D). The boundary condition (9) is
generalized to
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{
VS = V
+(0)
−NL = [1 0] Ω
~V−NR
VD = V
−(0)
NR
= [0 1] Ω ~VNL
(30)
V Vn+1
V
 0
−
V +
 0
i backn
in+
in− DV
n−1
n−1
Vn
...
...
I=I
 0
+V V+
V−−V
n
n
n−1
FIG. 2. Many bulk contacts.
Let us focus on the nth bulk contact (n = 1, · · · , NR),
which is, by definition, connected to the drain (D).
The voltage equations at nth bulk contact can be writ-
ten as i+n − ibackn = g e
2
h (V
+
n−1 − V +n ), i−n + ibackn =
g e
2
h (V
−
n − V −n−1). i+n (i−n ) is a current injected into the
TLL eingenmode with +(−)-chirality. The definition
of eigenmode voltages V ±n are given in Fig. 2. Us-
ing the vector notation ~in =
[
i+n
i−n
]
, ~Vn =
[
V +n
V −n
]
, one
may rewrite the voltage drop equation as ~Vn−1 − ~Vn =
σz~i
bulk
n
ge2/h −
ibackn
ge2/h
[
1
1
]
. The total current circulating in
the system is defined as I = I0 = [1,−1]Ω~V0. Us-
ing recursively the voltage equation, one finds VNR =
~V0 +
∑NR
n=1
(
σz~i
bulk
n
ge2/h −
ibackn
ge2/h
[
1
1
])
. Following the same
procedure, one will find a similar relation for the left con-
tact: V−NL = ~V0 −
∑NL
n=1
(
σz~i
bulk
−n
ge2/h −
iback
−n
ge2/h
[
1
1
])
.
Using recursively these voltage drop equations, one
finds
VS = [1 0]Ω
[
~V0 −
NL∑
n=1
(
σz~i
bulk
−n
ge2/h
− i
back
−n
ge2/h
[
1
1
])]
,
VD = [0 1]Ω
[
~V0 +
NR∑
n=1
(
σz~i
bulk
n
ge2/h
− i
back
n
ge2/h
[
1
1
])]
.
Thus the bias voltage VS −VD can be expressed in terms
of ~V0, i
back
±n and ~i±n as
VS − VD = [1,−1]Ω~V0 +
NL∑
n=1
iback−n
ge2/h
+
NR∑
n=1
ibackn
ge2/h
−[1 0]Ωσz
NL∑
n=1
~i bulk−n
ge2/h
− [0 1]Ωσz
NR∑
n=1
~i bulkn
ge2/h
(31)
Recall that ΩσzΩ = gσz. Using the decomposition anal-
ogous to (7), one can see that i−kF−n (n = 1, · · · , NL) and
i+kFn (n = 1, · · · , NR) do not contribute to (31). The total
current circulating in the system is I = I0 = [1,−1]Ω~V0.
Since we are interested in the first correction to (3), we
consider the case where all the bulk contacts connected
to the source (S) are at voltages VD < V ≪ VS and
all the bulk contacts connected to the drain (D) are at
voltages VD ≪ V < VS . If this is the case, the lead-
ing scaling behavior of the conductance in terms of the
bias voltage VS − VD obtained from Eq. (31) reduces to
(28) independently of NR and NL. Eq. (28), therefore,
the non-chiral version of [40] does not exhibit an oscil-
latory behavior as a function of (NR, NL). Nevertheless
Eq. (28) indeed interpolates between the two boundary
conditions discussed in Sec. III, which was also the case
in [40].
B. Many bulk contacts with end contacts in
equilibrium with dressed eigenmodes
In the case of equilibration with dressed eigenmodes
the boundary condition (30) should be replaced by VS =
V +−NR , VD = V
−
NL
. Using the same voltage drop equa-
tions, one can easily see, using the decomposition anal-
ogous to (7), that i−−n (n = 1, · · · , NR) and i+n (n =
1, · · · , NL) do not contribute to the total current I =
I0 = g
e2
h [1,−1]~V0. Then the leading scaling behavior of
the conductance in terms of the bias voltage reduces to
(29) independently of NR and NL.
VII. TLL WITH INTERNAL DEGREES OF
FREEDOM — APPLICATION TO SWNT AND
MWNT
Up to now we have considered for simplicity spin-
less TLL model, where 2∆ = 12
(
g + 1g
)
. In order to
apply the above results, in particular, Eqs. (28) and
(29) for nanotubes let us recall the following properties
of SWNT and MWNT: The SWNT have four conduct-
ing channels: two subbands × (charge, spin) at room-
temperatures, indicating an expected quantized conduc-
tance: GSD = 4e
2/h.
The experimental data for conductance measurements
in SWNT and MWNT display a variety of results. The
ballistic transport in carbon nanotubes was first observed
in MWNT, showing the conductance GSD ∼ 2e2/h [22].
This implies that in MWNT only one of the two subband
contributes to the electronic transport. In the case of
SWNT, the observed conductance exhibits fluctuations
versus Fermi energy approaching to the theoretically ex-
pected value: GSD = 4e
2/h as the temperature is low-
ered. [16]
Let us now focus on the case of SWNT. The spinless
TLL theory studied in earlier sections should be gener-
alized to acquire 2 × 2 = 4 flavors f = c+, c−, s+, s−.
The four channels are obtained from combining charge
(c) and spin (s) degrees of freedom as well as symmetric
(+) and anti-symmetric (−) linear combinations of the
two Fermi points. Correspondingly we must introduce
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four TLL parameters: gc+, gc−, gs+, gs−. The scaling di-
mension ∆ of TLL electron operator can be written, for
example, in terms of these TLL parameters as ∆SWNT =
1
16
∑
f
(
gf +
1
gf
)
. Whereas the charge conductance GSD
is determined only by gc+, i.e., GSD = 4gc+e
2/h, as was
the case for TLL with spin [41]. In any case one can verify
by carefully investigating the effective Coulomb interac-
tion in SWNT [21] that the interaction gives rise to a
significant renormalization only for gc+, whereas gf ∼ 1
for f = c−, s+, s− (neutral modes). Thus the TLL pa-
rameter g for SWNT is defined as g = gc+, which is
estimated to be typically in the range 0.2− 0.3.
To summarize one has to make the following replace-
ments in order to apply Eqs. (28) and (29) for SWNT:
1. The anomalous scaling dimension ∆ of TLL elec-
tron operator should be replaced by ∆SWNT =
1
16
(
g + 1g
)
+ 38 .
2. The ohmic conductance in equilibrium either with
bare electrons (G
(2)
SD = e
2/h) or with dressed eigen
modes (G
(2)
SD = ge
2/h) should be multiplied by 4,
in order to accont for the number of conducting
channels.
Apart from these changes, however, the main claims of
the preceding sections remain unchanged.
VIII. DISCUSSION AND CONCLUSIONS
In the first half of this paper we argued that in the
case of standard end-contact geometry, the two-terminal
conductance G
(2)
SD in the ohmic limit can be either G
(2)
SD =
e2/h or G
(2)
SD = ge
2/h depending on the boundary condi-
tions. In our point of view, different boundary conditions
apply in the presence or absence of a metallic gate close
to the 1D sample.
It is plausible that the boundary conditions studied in
refs. [5–7,29–31] are realized when a gate is present close
enough to the wire. This is suggested by the agreement
between the result of Ref. [9] and the theoretical analysis
using boundary conditions such that bare reservoir elec-
trons are not in equilibrium with dressed eigenmode of
the TLL, but with bare particles inside the TLL.
On the other hand, more recent experiments suggest
that a variety of other boundary conditions are realized
experimentally [12–14,17]. It is tempting to interpret the
result of Kasumov et. al. [17] as a consequence of bound-
ary conditions such that bare reservoir electrons are in
equilibrium with dressed TLL eigenmodes.
The absence of a gate in this experiment suggests that
long-range interactions inside the carbon nanotube are
instrumental in bringing about this different boundary
condition. If our analysis is correct, a check would be
to measure the nanotube conductance in the presence of
a metallic gate sufficiently close to the nanotube com-
pared with the sample length for the interactions to be
screened. Then we would expect G
(2)
SD = 4e
2/h. It is
striking that the result of Kasumov et. al., if interpreted
as GSD = 4ge
2/h, where g would be the TLL interaction
parameter, yields a value g ∼ 0.25 in very good agree-
ment with the theoretical value calculated in Ref. [21].
Other experiments [12–14] clearly suggest other bound-
ary conditions [26].
Now the nature of two fixed points was understood
as different boundary conditions at the end contacts by
making clear distinction between the bare and dressed
eigenmode densities in the bosonized formulation. In the
second half of the paper we proposed a system of 1D
sample coupled to bulk contacts as well as end contacts
where we found qualitatively different behaviors of the
conductance, e.g., different scaling dimensions, as a con-
sequence of a large stationary current. As a result, we
found that the addition of bulk contacts interpolates be-
tween the two fixed points. The RG analysis for this
problem has been developped by taking into account ex-
plicitly the fractionalization of electronic charge.
We studied in particular the leading scaling behavior
of the corrections to the two-terminal conductance G
(3)
SD
in the presence of bulk-injected current in (A) the pres-
ence and (B) the absence of screening by a metallic gate.
We found in both cases G
(3)
SD is not quantized even in the
ohmic limit VS−VD →∞, interpolating between the two
limiting cases: (A) GSD = e
2/h and (B) GSD = ge
2/h.
The correction due to the bulk current, however, does
not scale in the same way (see Eqs. (28) and (29)). In
the case of Eq. (28), corresponding to the equilibration
with bare electrons (Sec. III-A), it exhibits, as a con-
sequence of this particular boundary condition (3)) or
more precisely Eq. (9)), a pronounced scaling behav-
ior: (VS − VD)(2∆)2−1, where 2∆ = 12
(
g + 1g
)
. The un-
derstanding of strong coupling limit for the bulk contact
was left for future study. The discussion on the shot-
noise spectrum under a variety of boundary conditions
discussed in this paper is obviously of interest. This will
be discussed in a forthcoming publication [26].
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APPENDIX A: RG ANALYSIS FOR
FRACTIONAL PARTICLES
We derive the RG equation for Γ+kF(Λ+,Λ−) and
Γ−kF(Λ+,Λ−) starting from the effective action (25) with
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(23,24). At leading order the two RG equations are de-
coupled and can be treated independently. The cutoff
frequencies Λ+ and Λ− can be different for the two RG
equations, since available energy shells in S0 for (23) and
(24) can be different. The crucial step was, therefore, to
find these cut-off frequencies, i.e., Λ++kF , Λ
−
+kF
for Γ+kF ,
and Λ+−kF , Λ
−
−kF for Γ−kF .
When an electron incident from the electron reservoir
at chemical potential eV tunnels into the TLL, it must
be decomposed into two fractionally charged quasiparti-
cles in order to be absorbed in the bulk sample. This
final state TLL electron has either of the following en-
ergies eV
(0)
+ = [1 0]Ω
[
eV+
eV−
]
, eV
(0)
− = [0 1]Ω
[
eV+
eV−
]
,
respectively, for Γ+kF and for Γ−kF . In contrast the en-
ergy decomposition of the incident Fermi liquid electron
is quite arbitrary, i.e., eV = [1 0]Ω
[
eV ′+
eV ′−
]
for Γ+kF
and eV = [0 1]Ω
[
eV ′+
eV ′−
]
for Γ−kF , where V
′
+ (V
′
−) is a
part of the electrostatic potential attributed to the +(−)-
chirality. The only constraint is that both V ′+ − V+ and
V ′− − V− should have the same sign, i.e., they are pos-
itive (negative) when the current is injected (ejected).
Taking into account this constraint, one can count the
available energy shells for tunneling. These procedures
are schematically explained in Fig. 3.
−
(0)
(0)
+V
V’’
−
V
1+g
+V
V
−
V’
V’’
+
+
V’
−
1+g
1−g
1+g
1−g V
1−g
FIG. 3. Available energy shells for the tunneling into TLL.
Let us focus on the RG equation for Γ+kF , i.e., for the
tunneling of +kF electron. On the left it is shown that
the final state TLL electron has either of the following
energies eV
(0)
+ = [1 0]Ω
[
V+
V−
]
, eV
(0)
− = [0 1]Ω
[
V+
V−
]
,
respectively, for Γ+kF and for Γ−kF . On the right we fo-
cus on the tunneling of +kF electron incident from the
bulk contact at chemical potential eV . We consider the
case V
(0)
+ < V < V+. The energy of the incident elecron
is decomposed into each chirality as eV = [1 0]Ω
[
eV ′+
eV ′−
]
.
In order for a current to be injected, V ′+ ≥ V+ must be
satisfied. When V ′+ = V+, V − V ′− = 1+g1−g (V+ − V ).
Starting from this value, V ′− can take values down to
V−. When V ′− reaches this limit, where we redefine
the energy decomposition of the incident electron as
eV = [1 0]Ω
[
eV ′′+
eV ′′−
]
, therefore, V ′′− = V−, the other V
′′
+
satisfies V ′′+−V = 1−g1+g (V −V−). The cutoff energy scales
which appear in the RG equation for Γ+kF are determined
as Λ++kF =
1+g
2 e(V
′′
+ − V+), Λ−+kF = 1−g2 e(V ′− − V−).
Thus we were able to derive on microscopic grounds
the energy cutoffs which we have used to find (26),
Λ++kF =
1 + g
2
e
[
1− g
1 + g
(V − V−)− (V+ − V )
]
= e
(
V − V (0)+
)
,
Λ−+kF =
1− g
2
e
[
(V − V−)− 1 + g
1− g (V+ − V )
]
= e
(
V − V (0)+
)
, (A1)
i.e., Λ++kF = Λ
−
+kF
. Once these energy scales are deter-
mined, one can employ the RG analysis for Γ+kF ..
The same argument applies for the RG equation for
Γ−kF . The cutoff frequencies for the tunneling of −kF
electron are obtained as
Λ+−kF =
1− g
2
e
[
1 + g
1− g (V − V−)− (V+ − V )
]
= e
(
V − V (0)−
)
Λ−−kF =
1 + g
2
e
[
(V − V−)− 1− g
1 + g
(V+ − V )
]
= e
(
V − V (0)−
)
(A2)
Hence the RG equation for Γ−kF takes the same form
as that of Γ+kF except that one should identify Λ to be
Λ = Λ+−kF = Λ
−
−kF = V − V
(0)
− .
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